We investigate three-dimensional, two-electron quantum dots in an external magnetic field B. Due to mixed spherical and cylindrical symmetry the Schrödinger equation is not completely separable. Highly accurate numerical solutions, for a wide range of B, have been obtained by the expansion of wavefunctions in double-power series and by imposing on the radial functions appropriate boundary conditions. The asymptotic limit of a very strong magnetic field and the 2D approach have been considered. Ground state properties of the two-electron semiconductor quantum dots are investigated using both the 3D and 2D models. Theoretical calculations have been compared with recent experimental results.
Particular analytical solutions for two electrons in a 3D harmonic potential and in a magnetic field have been obtained for a set of confinement frequencies, using parabolic and cylindrical coordinates [26] . Using some of these solutions, exact density functionals for two electron systems in an external magnetic field have been constructed in a frame of the density functional theory (DFT) and the current DFT (CDFT) [27] . Furthermore, the energy eigenvalues, electron densities, paramagnetic current densities, pair densities and Kohn-Sham orbitals for the HA in B field have been calculated numerically. However, as has been pointed out in [27] , extended precision arithmetic is required to improve the computed results.
The aim of this paper is to perform numerical high-precision calculations for a Hooke's atom in an axial magnetic filed, for a wide range of the magnetic field intensity. The problem is studied using the power-series expansion method. This method was first formulated by Kravchenko et al. and applied to the hydrogen atom in a magnetic field [31] [32] [33] [34] . The method bases on using boundary conditions determined by the asymptotic behavior of solutions at large distances. The asymptotic limit of a very strong magnetic field, when the system may be described by an effective one-dimensional potential, has been considered. In this context, the problem of a continuous reduction of spatial dimensions is examined.
Finally, we investigate ground-state magnetic properties of the two-electron semiconductor QD's, using parameters characteristic for GaAs. In particular, we study the B-field evolution of the chemical potential and the addition energy, taking into account experimentally determined values for the confinement frequencies [21] . The 3D and the 2D models are considered.
Formulation of the Problem
The Schrödinger Hamiltonian describing two electrons with masses m e interacting by a Coulomb potential, confined in a harmonic potential and subject into an external magnetic field, described by the vector A(r) = 
where
Here μ B =he/(2m e c) is the Bohr magneton, S z is the projection of the total spin and g = −2. The triplet spin states of two electrons in the magnetic field split into three distinct levels, while the singlet states remain unchanged. For triplets, we shall consider only the lowest components corresponding to S z = 1. Thus, the spin contribution to the Zeeman shift for a spin-singlet and for a spin-triplet state may be respectively written as
where S z = 0, 1. Upon the substitution
the spatial part of the Hamiltonian (1) separates to two one-particle parts: the center-of-mass Hamiltonian
where M = 2m e , ω ρ = ω 2 0 + ω 2 c /4, ω c = eB/(m e c) and the Hamiltonian describing the relative motion
where μ = m e /2. The angular momentum operatorsL z andl z are defined in the standard way. Consequently, the total energy of the system is given by
For further calculations, it is convenient to introduce the following scaling
transforming the Schrödinger equation of the c. m. and the relative motion, respectively to the forms
where a = ω 0 /ω ρ is the anisotropy parameter, M z is the magnetic quantum number of the c. m. motion and
We have introduced above the eigenvalue E and following parameters
wherehω h = E h and γ = B/B 0 . The atomic unit of energy and magnetic field respectively are one hartree E h = m e e 4 /h 2 and B 0 = m 2 e e 3 c/h 3 . The anisotropy parameter may be expressed also using dimensionless frequencies, as a = Ω 0 /Ω.
The solution to the c.m. part is well known. In particular, energies (in hartrees) read
where N 0 , N z = 0, 1, . . .. In further calculations we shall refer to the c.m. energy as to the ground state energy E c.m. = Ω + Ω 0 /2. The sum of the first and the third terms in (12) gives the Fock-Darwin levels [35, 36] . We note that, due to the presence of the confinement, the infinite degeneracy of Landau levels corresponding to M z < 0, is removed. As a consequence, contrary to the Landau orbits, centers of the Fock-Darwin orbits are localized on the z-axis, for every M z . Energies (in hartrees) of the relative motion are given by
where E is the eigenvalue of the Eq. (10) and m is the magnetic quantum number of the relative motion. One should be pointed out that for nonzero B, we have a < 1 and the potential depends on ϑ. This causes the main difficulties in the problem. The Schrödinger equation (10) does not separate.
Power-Series Solutions
Using spherical coordinates, the relative motion wavefunction may be expressed in the form of a double power series in r and the sine of ϑ [31] . Thus, solutions to the Eq. (10) may be supposed in the form
where ν = 0 or 1 is the z-parity quantum number and
After substituting Ψ into Eq. (10) we obtain for radial functions g 2k (r ) the system of second-order coupled equations
where E a = E − |m| − a(ν + 1/2) − 1. In order to determine energies and wavefunctions, we expand every radial function into power series
After substituting the above expansions to Eq. (16) we obtain for the coefficients recurrence relation
Supposing A i<0,2k ≡ 0 and A i,2k<0 ≡ 0, one follows from the last relation that all A 0,2k , for k = 0, 1, . . ., can be chosen as arbitrary and the remaining coefficients may be calculated from Eq. (18), by starting from these initial coefficients. Defining a particular solution
where q is some cut-of parameter (an angular cut-of), we can calculate the other coefficients A ( p) i,2k from Eq. (18), until i = I . Here, I is the radial cut-of. In this manner we can generate a set of approximate particular solutions for
Then, a general solution ψ is expressed as a linear combination of
Thus, the approximate radial amplitudes for
The linear parameters C p and energy E are determined by imposing on functions g 2k asymptotic boundary conditions, that ensure square-integrability of the total wavefunction. By looking for asymptotic solutions to the Eq. (16) we can find that asymptotically these equations are satisfied by functions lim
where α = E a /a. The functions given above determine the leading approximations to the exact radial functions at large r . The boundary conditions determined by the functions (22) read
where k = 0, 1, . . . , q. These simple boundary conditions are sufficient for calculation of energy levels for the HA in the magnetic field. By matching logarithmic derivatives of functions (21) with those ones given by the Eq. (23), at a finite joining radius r = R, we obtain a linear system
Energies are determined from the condition of the linear dependence of the system (24) which leads to the nonlinear equation for energy levels,
The accuracy of energies in a given (R, I, q)-approximation is determined by stability of results, for increasing parameters R, I and q.
The Limit of Strong B Field
In the classical treatment of this system, the dynamics in the limit of strong magnetic field, can be effectively separated due to different time scales connected with the lateral and the vertical motion. This allows for application of a classical adiabatic approximation. In the lowest order of this approximation, the classical Hamiltonian function is averaged over the fastest angle of the unperturbed motion, after transforming coordinates to action-angle variables [19] . A natural extension of this method to the quantum system is averaging the Hamiltonian operator over the Fock-Darwin orbitals.
Therefore, using this approximation, the part of the Schrödinger equation including the effective coulombic interaction, can be written as
Energies of the 3D system, in this effective 1D-approximation, are given by
where the sum of the first two terms describes energies of the lateral motion of noninteracting particles. The effective Coulomb repulsion potential reads
where averaging is performed over normalized eigenstates of the Hamiltonian
By averaging over the ground state we get
is the complementary error function [37] . Finally,
We note that since erfc(0) = 1, the effective potential (28) is finite at z = 0, where it takes the value
The potential has been plotted in Fig. 1 .
Using the asymptotic expansion of the complementary error function [37] one obtains
We can see that for increasing Ω, the first term in the asymptotic expansion dominates. Thus, in the limit Ω → ∞, the effective potential U eff (z) approaches the function
for all z. The result is rather natural and intuitively understandable. For strong B, the motion of electrons is constrained to almost one-dimensional region along the magnetic field direction. Since the available space for two electrons becomes smaller they avoid each other more effectively and their average distance increases. This means that r ≈ z and for the e-e interaction potential we can use the approximation 1/r ≈ 1/|z|. As a consequence, the Schrödinger Hamiltonian separates, in the cylindrical coordinates. The separation of the dynamics obtained here confirms the limit of B → ∞ discussed in a frame of the effective charge method [23] .
We can note that the result obtained in this section is important from a point of view of the Wigner crystallization. Due to presence of the lateral confinement, centers of the Landau orbits are localized on the z-axis. For increasing B, the orbits become smaller. On the other hand the vertical confinement produces a local minimum in the effective interacting potential. Therefore, a necessary condition for an occurrence of the Wigner crystallization is fulfilled.
Semiconductor QD's
In this section we apply the model to study ground-state electronic properties of the two-electron QD's in a magnetic field. Introducing into the Hamiltonian (1) material parameters typical for GaAs: the electron effective mass m * = 0.067m e , the dielectric constant = 12 and the effective Landé factor g * = −0.44, leads to the same forms of Eqs. (10), (12) and (13) with s, Ω replaced respectively by
where κ = m * /m e . We investigate the ground-state energy, the chemical potential and the addition energy of a QD as functions of the magnetic field. The B-field evolution of these quantities can be directly studied by single electron capacitance spectroscopy or by tunneling spectroscopy [14, 21] . The chemical potential is given by
where E tot (N , B) is the total ground-state energy of the QD with N electrons. For N = 2 one obtains
where E κ denotes eigenvalue of the Eq. (10) with s = s κ . Here S g is the total spin of the QD corresponding to the ground state. The most direct probe of the electron-electron interaction and correlation effects in the QD is the difference Δμ = μ(2, B) − μ (1, B) , named also the addition energy [19, 22] . The addition energy takes the form
Energies of the 2D QD in the magnetic field have been obtained by generalization of the power series expansion method, used for the 2D hydrogen atom [34] .
Results
According to the Pauli exclusion principle the total wavefunction of the system changes sign upon the exchange of two electrons. This leads to the relationship between the total spin and orbital quantum numbers. Writing the total wavefunction of two electrons as Ψ ( (1, 2) . Therefore, the total spin of two electrons for the spherically-symmetric system and for the 3D axially-symmetric system is determined by the condition (−1) S = (−1) l and (−1) S = (−1) |m|+ν , respectively. It is worth to point out that for the 2D system with the circular symmetry the total spin of two electrons is determined only by the magnetic quantum number, according to the relation (−1) S = (−1) |m| . Thus, the singlet (triplet) spin states correspond to even (odd) m. However, this is not true for the 3D cylindrically-symmetric system because of the z-parity contribution to the symmetry of the relative motion wavefunction.
In Tables 1 and 2 are given total energies of the lowest three spin-singlet and spin-triplet states, respectively, as functions of the magnetic field, for confinement frequencies Ω 0 = 0.1 and 0.5. The maximal absolute error of each values does not exceed ±1 in the last digit, in all of the tables. The comprehensive analysis of the convergence of the method may be found in [31, 32] . The lowest energies are compared with the previous most accurate results by Zhu and Trickey [27] . The agreement between the results is excellent. One can see that for B = 0, the ground state is a singlet. The singlet state remains as the ground state only for low magnetic fields. As the magnetic field increases this state rises in energy while the triplet state drops and for certain value of γ we can observe the singlet-triplet (ST) transition, in the ground state. For confinement frequencies Ω 0 = 0.1 and Ω 0 = 0.5, the first ST transitions occur at γ ≈ 0.036 and at γ ≈ 0.27, respectively. Table 3 presents the relative motion energies E 3D , energies obtained within the effective 1D-approximation E ≈1D = Ω + E eff z and energies E 1D = Ω + E z , where E z correspond to the potential U(z). In the last three columns Coulombic energies (CE) are displayed. The CE are defined as differences between the relative motion Table 3 Dependence on the magnetic field γ (in a. u.) of relative motion energies E 3D (3D model), E ≈1D (effective 1D model) and E 1D (1D model) In the last three columns Coulombic energies are displayed. Energies are given in hartrees. Ω 0 = 0.5 energies of interacting and noninteracting electrons. Let E ind = Ω + (n z + 1/2)Ω 0 denotes the relative motion energy of noninteracting (independent) electrons, for the state (m = 0, ν = 0). The CE read respectively as One can be note that, as the result of different slopes of energy curves belonging to singlet and triplet levels, the cusps are observed in the B-dependence of the ground state energy, at the magnetic fields corresponding to the ST transitions. As a consequence, similarly behave also the chemical potential and the addition energy Δμ.
As can be seen in Fig. 2 , presence of the third dimension leads to increasing of magnetic fields inducing the ST transitions. The additional effect is damping of the cusps occurring in the B-field dependence of the observables being functions of the ground state energy. We can note that effects related to the third dimension are important from a point of view of experimental study of magnetic properties of a quasi two-dimensional QD where the vertical diameter of the dot becomes significant [21, 22] . One of the most important statements given in the literature on this problem is that the experimental positions of the ST transition points are systematically higher than reproduced by the 2D calculations [22] . In Fig. 3 are presented the addition energies as functions of the magnetic field, calculated within the 2D and 3D models. Confinement energieshω 0 are taken into account with 'experimental' values [21] . We can see that the 3D isotropic model gives values of the magnetic fields for the first ST transitions which exceed experimental values. Although, we not reproduced exactly the experimental positions of the first ST transitions (approximately, they have the same deviations from the experimental values as in the 2D model, but of opposite signs), results obtained in this work are important for understanding the basic source of discrepancy between the theoretical 2D calculations and experimental data. Evidently, this inconsistency is caused by the influence of the third dimension. Moreover, experimental curves (not plotted in Fig. 3 ) are located in the region limited by curves of the 2D and 3D models (see Fig. 1 in [22] ). This means that there exists such a deformation of a 3D QD that may give good approximation to realistic system. The anisotropic 3D model has been recently considered by introducing finite parabolic confinement in the z-direction, that allowed to reproduce some experimental data. The confinement in the third dimension hω z = 8 meV has been estimated to provide the best fit for the positions of kinks in the additional energy [22] .
Summary
We have carried out theoretical analysis of the dynamics of two interacting electrons placed in an external magnetic field, in three spatial dimensions. Approximate solutions have been obtained based on the powerseries expansion method and appropriate boundary conditions. Energies of the HA have been obtained with higher accuracy than previous most accurate results, obtained using the spherical harmonic expansion and the Landau orbital expansion [27] . The solutions have been obtained also for a wider range of B. This allowed us to study continuous transition to the 1D model, corresponding to the limit of extremely strong magnetic field. Under some assumptions the HA may be regarded to as a two-electron QD. We have studied ground-state magnetic properties of the semiconductor QD's, using parameters typical for GaAs. The 3D and 2D models have been studied as cases, described by anisotropy parameters a ≤ 1 (spherical or a prolate QD) and a = ∞ (2D QD). The method, presented in this paper, is applicable also to the case a > 1 (an oblate QD). In this case, the expansion in powers of r sin ϑ should be replaced by an expansion in powers of r cos ϑ. Both methods are complementary. The model of an elliptically deformed QD (of an oblate type) adjusted for description of vertically extended QDs along with the problem of a continuous transition to the 2D limit shall be investigated elsewhere.
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